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Abstract. We provide a formulation of generalized vector dominance (GVD) for low–x deep-inelastic scat-
tering that explicitly incorporates the γ∗ → qq̄ transition and a QCD-inspired ansatz for the (qq̄)p forward-
scattering amplitude. The destructive interference originally introduced in off-diagonal GVD is recovered
in the present formulation and traced back to the generic structure of two-gluon-exchange as incorporated
into the notion of colour transparency. Asymptotically, the transverse photoabsorption cross section be-
haves as (ln Q2)/Q2, implying a logarithmic violation of scaling for F2, while the longitudinal-to-transverse
ratio decreases as 1/ ln Q2.

1 Introduction

The observation of diffractive production of high-mass
states at HERA [1] at small values of the scaling variable
x ≈ Q2/W 2 qualitatively confirms the expectation from
generalized vector dominance (GVD) [2]1. The starting
point of GVD is provided by a mass dispersion relation,
the spectral weight function therein containing the cou-
pling of a vector state of mass MV to a timelike photon,
as observed in e+e− annihilation, and the forward scatter-
ing of the vector state from the nucleon.

Originating from the pre-QCD era, the coupling of the
photon to the high-mass continuum of e+e− annihilation
is frequently described in a global effective manner; the
qq̄ jets originating from the γ∗ →qq̄ coupling, as observed
at sufficiently high energies in e+e− annihilation, are not
explicitly incorporated into the description [4,5] of deep
inelastic scattering.

In the present work, we provide a formulation of GVD
that quantitatively takes into account not only the energy
dependence of the γ∗→qq̄ transition, but the dependence
on the qq̄ configuration as well within the spectral weight
function of GVD. The ansatz for the subsequent scattering
of the qq̄ state will be inspired by QCD. The emphasis of
the present work will be put on the general theoretical
analysis. Even though numerical results will be given, it
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nuclei.

will not be the aim of the present work to carry out a
detailed comparison with the experimental data.

In Sect. 2, we formulate the virtual Compton forward
amplitude in terms of the γ∗ → qq̄ transition of a timelike
photon, continued to the spacelike region via appropriate
propagator factors, and an ansatz motivated by perturba-
tive QCD (pQCD) for the (qq̄)p forward scattering ampli-
tude. The destructive interference originally incorporated
into off-diagonal GVD [6], and into the off-diagonal tran-
sition present in the covariant parton model [7], reappears
as the essential feature of the pQCD-inspired ansatz.

In Sect. 3, the results of Sect. 2 are rederived in trans-
verse position space, using the notion of colour trans-
parency.

In Sects. 4 and 5, we explicitly present the conse-
quences from the QCD-inspired GVD ansatz for the Q2

dependence of the transverse and the longitudinal photon-
absorption cross section.

Some conclusions are drawn in Sect. 6.

2 Off-diagonal generalized vector dominance
from QCD

The GVD picture for the Compton forward amplitude is
described in Fig. 1. We start with the γ∗→qq̄ transition.
We look at the transition of a timelike photon of mass
q2≡M2

qq̄ to the qq̄ pair. The four-momentum of the photon
of mass q2≡M2

qq̄ in its rest frame is given by qµ = kµ
q +kµ

q̄ =
(Mqq̄,~0), where kµ

q and kµ
q̄ denote the four-momenta of the

quark and antiquark, respectively.
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Fig. 1a,b. The Compton forward amplitude in the proton rest
frame, a in the Gedankenexperiment where a timelike photon
of mass q2 = M2

qq̄ interacts with the nucleon, b upon continu-
ation from q2 = M2

qq̄ to q2 = −Q2 < 0, with x(≈ Q2/W 2)� 1

The qq̄ current may be written as2

ū(λ)(kq)γµv (λ′)(kq̄) = −Mqq̄(0, cosϑ cosϕ+ iλ sinϕ, (1)
cosϑ sinϕ− iλ cosϕ,− sinϑ)δλ,−λ′ .

Here, ϑ and ϕ denote the polar and azimuthal produc-
tion angles of the quark with respect to the z–axis in the
photon rest frame, ~kq = |~kq| (sinϑ cosϕ, sinϑ sinϕ, cosϑ),
~k⊥ = |~k⊥| (cosϕ, sinϕ), and λ, λ′ denote twice the quark
and antiquark helicities. The timelike photon is supposed
to originate from the annihilation of an e+e− pair, and
the z–axis is chosen in the direction of the e− three-mo-
mentum in the e+e− (photon) rest frame (cf. Fig. 2.). The
assumed origin of the timelike photon from e+e− annihila-
tion (obviously) not only defines the four-momentum, but
the polarisation properties of the photon as well. Intro-
ducing longitudinal and transverse helicity states for the
massive photon in its rest frame,

εµL = (0, 0, 0, 1), εµT (±) =
1√
2
(0, 1,±i, 0), (2)

one obtains

jL ≡ ū(λ)(kq)εµLγ
µv (λ′)(kq̄) = −Mqq̄ sinϑδλ,−λ′ ,

jT (±) ≡ ū(λ)(kq)εµT (±)γµv (λ′)(kq̄)

=
Mqq̄√

2
e±iϕ(cosϑ± λ)δλ,−λ′ . (3)

2 Here, we work in the approximation of massless quarks.

e- e+ϑ

kq

kq

x

z

Fig. 2. The process of e+e− annihilation in the rest frame of
the qq̄ system

Substituting

sin2ϑ ≡ 4m2
⊥

M2
qq̄

= 4z(1 − z) , cosϑ = (2z − 1) , (4)

where

z =
1
2

± 1
2

√
1 − 4m2

⊥
M2

qq̄

, m2
⊥ ≡ k2

⊥, (0 ≤ z ≤ 1) , (5)

one may represent (3) in a manifestly covariant form

jL = −Mqq̄2
√
z(1−z)δλ,−λ′ ,

jT (±) =
Mqq̄√

2
e±iϕ(2z − 1 ± λ)δλ,−λ′ . (6)

Longitudinal and transverse components of the current are
thus explicitly defined with respect to any Lorentz frame
obtained from the rest frame by a Lorentz boost in the
z direction. In particular, when considering the forward
amplitude for scattering of the qq̄ state from the nucleon
at high energies, an appropriate Lorentz boost in the z
direction is to be applied to the qq̄ system. Incidentally,
we note that z from (5) can also be represented as

z =
k0 + k3

q0 + q3
, (kµ ≡ kµ

q ) . (7)

Hence, z is unchanged under Lorentz boosts along the
photon direction. In the high-energy limit, |q0| ≈ |q3| �
Mqq̄, z becomes identical to the fraction of the longitudinal
momentum [8] of the qq̄ system carried by the quark q.

Since

M2
qq̄ =

k2
⊥

z(1−z) , (8)

we can, instead of the pair of variables (Mqq̄, z) character-
ising the qq̄ state coupled to the timelike photon, alterna-
tively use (k2

⊥, z) in (6).
Relations (6), upon multiplication by the antiquark

charge (−eq), give the coupling to the (timelike) photon
of the qq̄ complex of massMqq̄ (or, alternatively, the trans-
verse momentum ~k⊥) and the additional “configuration”
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degree of freedom, z. Let us envisage a physical situa-
tion in which such a high-energy qq̄ complex, originating
from a timelike photon, hits the proton in its rest frame
(Fig. 1a). Continuing3 to spacelike four-momenta of the
photon, q2≡ − Q2 < 0, with4 x ≈ Q2/W 2 � 1, requires
multiplication of the qq̄ forward scattering amplitude by
the coupling to the photon from (6) and a propagator fac-
tor 1/(Q2 +M2

qq̄).
At this point, the cases of transverse and longitudinal

photons have to be discriminated. For transverse photons,
one simply assumes that the dependence on Q2 induced
by the propagator is the only one in the high-energy limit
with x ≈ Q2/W 2 � 1. Accordingly,

Aγ∗p→γ∗p ∼ M∗
T T(qq̄)p→(qq̄)pMT , (9)

where the (qq̄)p forward scattering amplitude is denoted
by T(qq̄)p→(qq̄)p, and according to (6) and the above dis-
cussion

M(λ,λ′)
T (Mqq̄, z,Q

2) = − eq

Q2 +M2
qq̄

Mqq̄√
2

×e±iϕ(2z − 1 ± λ)δλ,−λ′ . (10)

For longitudinal photons, the restriction that the pho-
ton couples to a conserved source leads to a Q2 depen-
dence in addition to the one induced by the propagator.
Current conservation requires that the qq̄ system couples
to a conserved source. This leads [11] to an additional fac-

tor
√
Q2/M2

qq̄. Even though this factor is related to the
(qq̄)p amplitude and not to the γ∗ → qq̄ transition, it
may be put together with the propagator to yield

M(λ,λ′)
L (Mqq̄, z,Q

2) = − eq

Q2 +M2
qq̄

Mqq̄

√
Q2

M2
qq̄

×2
√
z(1 − z)δλ,−λ′ . (11)

Inclusion of a quark mass, mq, changes (8) to become
M2

qq̄ = (k2
⊥+m2

q)/(z(1−z)). The transverse transition am-
plitude (10) is modified by an additive term proportional
to mq,

M(λ,λ′)
T (Mqq̄, z,Q

2)

= − eq

(Q2 +M2
qq̄)

√
2

(12)

×
[
Mqq̄e

±iϕ(2z − 1 ± λ)δλ,−λ′ +
(λ± 1)mq√
z(1−z) δλ,λ′

]
,

while the expression (11) for the longitudinal amplitude
remains unchanged.

3 Compare e.g. [9] for a detailed discussion on the lifetime
arguments [10] relevant in connection with the continuation to
spacelike q2.

4 Here, W 2 = (q +p)2, where p is the four-momentum of the
proton.

In terms of the imaginary part of the forward-scatter-
ing amplitude5 T , the total photoabsorption cross section
for transverse (γ∗

T ) and longitudinal (γ∗
L) virtual photons,

via the use of the optical theorem, becomes

σγ∗
T,L

p(W 2, Q2) =
[

1
2(2π)3

]2

×
∑

λ,λ′=±1

∫
dz

∫
dz′
∫

|~k⊥|≥k⊥0

d2k⊥
∫

|~k′
⊥|≥k⊥0

d2k′
⊥

×M(λ,λ′)
T,L (~k′

⊥, z
′;Q2)∗T(qq̄)p→(qq̄)p(~k′

⊥, z
′;~k⊥, z;W 2)

×M(λ,λ′)
T,L (~k⊥, z;Q2) , (13)

where

M(λ,λ′)
T,L (~k⊥, z;Q2) ≡ M(λ,λ′)

T,L (~k⊥, z;Q2)√
z(1 − z)

. (14)

The factor 1/
√

(z(1 − z)) provides the correct phase-
space integration to be used in (13) in conjunction with
(10) and (11). Compare the representation of this integra-
tion in terms of the qq̄-masses given in (29) below.

In (13), we have indicated lower limits, k⊥0, for the in-
tegration over the transverse momenta. The lower limit in
transverse-momentum space corresponds to a finite trans-
verse extension of the qq̄ state in position space (confine-
ment). The threshold, k⊥0, is introduced, in order to allow
(13) to be used in an effective description of σγ∗

T,L
p at low

values of Q2, where the low–lying vector mesons actually
dominate the Compton forward amplitude.

So far, the (qq̄)p scattering amplitude has been left
unspecified. To proceed, we will look for guidance at the
two-gluon-exchange [12] of perturbative QCD (pQCD). As
illustrated in Fig. 36, two-gluon exchange contains “diag-
onal” as well as “off-diagonal” transitions with respect to
the transverse momenta ~k⊥ and ~k⊥ +~l⊥ and the masses,

M2
qq̄ =

~k2
⊥

z(1 − z)
, M ′2

qq̄ =
(~k⊥+~l⊥)2

z(1 − z)
, (15)

of the incoming and outgoing qq̄ state. Fermion (the quark
q) and antifermion (the antiquark q̄) couple with opposite
sign to the gluon. Accordingly, diagonal and off-diagonal
transitions contribute with the same weight, but oppo-
site signs. Guided by the structure of two-gluon exchange
in pQCD, we adopt the following ansatz for the forward
scattering amplitude in (13)7:

5 A factor 1/W 2 from the optical theorem is included in
T(qq̄)p→(qq̄)p(~k′

⊥, z′;~k⊥, z; W 2).
6 Additional diagrams are suppressed in Fig. 3, as the generic

structure of the diagrams is our only concern in the present
context.

7 The factor 2(2π)3 appears in (16) due to the normalization
convention 〈kq|k′

q〉 = 2(2π)3k0
qδ(3)(~kq − ~k′

q) used throughout.



304 G. Cvetič et al.: Deep inelastic scattering, QCD, and generalized vector dominance

k ⊥k⊥

-k⊥
-k⊥-l⊥ -k

⊥

l⊥ l⊥

γ∗(Q2) γ∗(Q2)

p p

a

k ⊥+
l ⊥k⊥

-k⊥
-(k⊥+l⊥ )

l⊥ l⊥

γ∗(Q2) γ∗(Q2)

p p

b

Fig. 3a,b. The two-gluon exchange realization of the struc-
ture (16), (18). The diagrams a and b correspond to transi-
tions diagonal and off-diagonal in the masses of the qq̄ pairs,
respectively

T(qq̄)p→(qq̄)p(~k′
⊥, z

′;~k⊥, z;W 2)

= 2(2π)3
∫
d2l⊥σ̃(qq̄)p(l2⊥,W

2)

×
[
δ(~k′

⊥−~k⊥)−δ(~k′
⊥−~k⊥−~l⊥)

]
δ(z−z′) , (16)

In addition to the difference in sign between the diagonal
and the off-diagonal term, the ansatz (16) incorporates
low–x (high W 2) kinematics; the scattering is assumed
to only affect the transverse momentum, while z remains
unchanged. Further, the (qq̄)p interaction, σ̃(qq̄)p, is as-
sumed to solely be determined by the transverse momen-
tum transfer l2⊥ and the c.m.s.–energy W .

Substituting (16) into (13) yields

σγ∗
T,L

p(W 2, Q2)

=
1

16π3

∑
λ,λ′=±1

∫
dz

∫
dz′
∫
d2l⊥σ̃(qq̄)p(l2⊥,W

2)

×
∫

|~k⊥|≥k⊥0

d2k⊥
∫

|~k′
⊥|≥k⊥0

d2k′
⊥

×M(λ,λ′)
T,L (~k′

⊥, z
′;Q2)∗M(λ,λ′)

T,L (~k⊥, z;Q2)

×
[
δ(~k′

⊥−~k⊥)−δ(~k′
⊥−~k⊥−~l⊥)

]
δ(z−z′) . (17)

Upon integration over d2k′
⊥ and dz′, (17) becomes8

σγ∗
T,L

p(W 2, Q2)

=
1

16π3

∫
dz

∫
d2l⊥σ̃(qq̄)p(l2⊥;W 2)

×
{∫

|~k⊥|≥k⊥0

d2k⊥
∑

λ,λ′=±1

∣∣∣M(λ,λ′)
T,L (z,~k⊥;Q2)

∣∣∣2

−
∫

|~k⊥|≥k⊥0,|~k⊥+~l⊥|≥k⊥0

d2k⊥ (18)

×
∑

λ,λ′=±1

M(λ,λ′)
T,L (z,~k⊥;Q2)M(λ,λ′)

T,L (z,~k⊥+~l⊥;Q2)∗
}
.

The remarkable difference in sign between the diagonal
and the off-diagonal term in (17) and (18), abstracted
from perturbative QCD, actually implies significant can-
cellations between the contributions of the two terms. The
first term under the integral in the curly bracket of (18)
is related to the square of the amplitude of the process
(γ∗ → qq̄)p → hadrons for fixed mass Mqq̄ (cf. (8)), while
the second term, the “off-diagonal” one with the negative
sign in front, contains the product of the amplitudes for
different masses, Mqq̄ and M ′

qq̄ (cf. (15)). It is worth not-
ing that a structure of destructive interference between
contributions diagonal and off-diagonal in the qq̄ mass,
as in (18), was actually suggested [6] a long time ago, in
order to reconcile scaling in e+e− annihilation with scal-
ing in the deep inelastic scattering in conjunction with a
reasonable (hadronic) cross section for the scattering of
qq̄–vector–meson states on the proton. In the framework
of the off-diagonal generalized vector dominance model [6],
the destructive interference was associated with the cou-
plings of the photon to massive qq̄–vector–meson states.
Within the present pQCD-motivated ansatz (16), the de-
structive interference from off-diagonal GVD is recovered9

and traced back to the opposite couplings of the gluon to
the quark and the antiquark the virtual photon has disso-
ciated into.

3 Position-space formulation,
colour transparency

In this Section, we rederive (17) in a position-space for-
mulation. As the concept of “colour transparency” [12,15]
underlying the position-space formulation may also be mo-
tivated by the two-gluon exchange of perturbative QCD
and its generalization, it will come as no surprise that (17)
will be recovered from an ansatz in position space.

8 In the case of transversely polarized photons, averaging
over the two polarizations P = ±1 is implicitly understood.

9 Compare also [13] and [14], where similar conclusions were
arrived at.
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We start by introducing the transverse position vari-
able ~r⊥, conjugate to ~k⊥, by forming the Fourier transform
of M(λ,λ′)

T,L (z,~k⊥;Q2) from (14),

ψ
(λ,λ′)
T,L (z, ~r⊥;Q2) (19)

≡
√

4π
16π3

∫
k⊥0

d2k⊥ exp (i~k⊥ · ~r⊥)M(λ,λ′)
T,L (~k⊥, z;Q2).

The function ψ
(λ,λ′)
T,L (z, ~r⊥; Q2) [8] has frequently been

called the “photon-qq̄ wave function” [15].
The δ–function dependence on the initial and final

transverse momenta ~k⊥ and ~k′
⊥ in (17) suggests to adopt a

representation for σγ∗
T,L

p in transverse position space that
is diagonal with respect to ~r⊥,

σγ∗
T,L

p(W 2, Q2) (20)

=
∑

λ,λ′=±1

∫
dz

∫
d2r⊥

∣∣∣ψ(λ,λ′)
T,L (z, ~r⊥;Q2)

∣∣∣2 σ(qq̄)p(r2⊥,W
2),

i.e. the cross section σγ∗
T,L

p is built up by multiplying the
“dipole cross section” [15] σ(qq̄)p(r2⊥,W

2) by the probabil-
ity to find the incoming quark and the incoming antiquark
a transverse distance r⊥ apart from each other. The lon-
gitudinal variable z is “frozen” during the scattering pro-
cess.

In a further step, we specify the relation between the
dipole cross section (in position space) and the transverse-
momentum-transfer function σ̃(qq̄)p(l2⊥,W

2) in (17). Re-
quiring the dipole cross section to vanish for zero sepa-
ration of quark and antiquark, as suggested by two-gluon
exchange or by colour-neutrality of the qq̄ state, we have

σ(qq̄)p(r2⊥,W
2) =

∫
d2l⊥σ̃(qq̄)p(l2⊥,W

2)
(
1 − e−i~l⊥·~r⊥

)
.

(21)
This ansatz indeed incorporates the required vanishing
(colour tansparency [12,15]), as r2⊥, for zero separation
of quark and antiquark, r⊥ → 0,

σ(qq̄)p(r2⊥,W
2) → 0 (for r⊥ → 0) , (22)

as well as a constant limit for r⊥ → ∞
σ(qq̄)p(r2⊥,W

2) → σ
(∞)
(qq̄)p(W

2)

≡ σ
(∞)
(qq̄)p (for r⊥ → ∞) , (23)

as the integral over the momentum space function has to
be finite. From Fourier inversion of (21),

σ̃(qq̄)p(l2⊥,W
2)

=
1

(2π)2

∫
d2r⊥ei

~l⊥·~r⊥
[
σ

(∞)
(qq̄)p − σ(qq̄)p(r2⊥,W

2)
]
(24)

as well as from (23), we have σ̃(qq̄)p(l2⊥) → 0 for l⊥ → ∞.
Compare Figs. 4a, b for a sketch of the qualitative be-
haviour of σ(qq̄)p(r2⊥,W

2) for two different simple choices
of σ̃(qq̄)p(l2⊥,W

2).

Inserting the dipole cross section (21), the position-
space representation (20) for σγ∗

T,L
p(r2⊥,W

2) becomes

σγ∗
T,L

p(W 2, Q2)

=
∑

λ,λ′=±1

∫
dz

∫
d2l⊥σ̃(qq̄)p(l2⊥,W

2)

×
∫
d2r⊥

∣∣∣ψ(λ,λ′)
T,L (z, ~r⊥;Q2)

∣∣∣2 (1 − e−i~l⊥·~r⊥
)
.(25)

Upon introducing the γ∗ → qq̄ transition amplitude (19),
and integrating over position space, we have

σγ∗
T,L

p(W 2, Q2)

=
1

16π3

∑
λ,λ′=±1

∫
dz

∫
d2l⊥σ̃(qq̄)p(l2⊥,W

2)

×
∫

|~k⊥|≥k⊥0

d2k⊥
∫

|~k′
⊥|≥k⊥0

d2k′
⊥

×M(λ,λ′)
T,L (~k′

⊥, z;Q
2)∗M(λ,λ′)

T,L (~k⊥, z;Q2)

×
[
δ(~k′

⊥−~k⊥) − δ(~k′
⊥−~k⊥−~l⊥)

]
. (26)

This result for σγ∗
T,L

p indeed coincides with expression
(17).

Similar forms of the dipole cross section σ(qq̄)p(r2⊥) in
(21) are obtained from a δ–function ansatz and from a
Gaussian ansatz for σ̃(qq̄)p(l2⊥) [cf. Figs. 4a,b],

σ̃(qq̄)p(l2⊥) =
σ

(∞)
(qq̄)p

π
δ(l2⊥ − Λ2) ⇒

σ(qq̄)p(r2⊥) = σ
(∞)
(qq̄)p (1 − J0(Λ|~r⊥|)) ; (27)

σ̃(qq̄)p(l2⊥) =
σ

(∞)
(qq̄)p

π
R2

0e
−l2⊥R2

0 ⇒

σ(qq̄)p(r2⊥) = σ
(∞)
(qq̄)p

(
1 − e

− r2
⊥

4R2
0

)
. (28)

For simplicity of notation, in (27) and (28) the W 2-depen-
dence of σ̃(qq̄)p(l2⊥), σ(qq̄)p(r2⊥) and σ

(∞)
(qq̄)p was dropped.

From the subsequent examination of the transverse and
the longitudinal cross section in (26), not unexpectedly,
one finds that (27) and (28) lead to approximately the
same results, provided one identifies the parameters Λ and
R0 via Λ = 1/R0, where R0 is of the order of the proton
radius, R0 ≈ 1 fm ≈ 5 GeV−1. We note that a Gaus-
sian ansatz was employed in a recent analysis [16] of the
experimental data. A different, polynomial representation
for the r2⊥–dependence of the dipole cross section is used
in [14].

4 Evaluation of σγ∗
T,Lp(W 2, Q2),

the explicit connection with off-diagonal
generalized vector dominance

The dependence of the γ∗ →qq̄ transition amplitudes (10)
and (11) on the propagator of the qq̄ system of mass Mqq̄
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Fig. 4a,b. The transverse-position-space dipole cross section σ(qq̄)p(r2
⊥, W 2) and its Fourier transform σ̃(qq̄)p(l2⊥, W 2) for two

simple choices in transverse momentum space, a for a δ-function and b for a Gaussian

suggests a change of the integration variables in σγ∗
T,L

p

in the expression (18). The angular integration over the
direction of the transverse momentum of the incoming
quark, ~k⊥, yields a factor 2π, and we end up with

∫ 1

0
dz

∫ ∞

0
d2~l⊥

∫ ∞

k⊥0

d2~k⊥ . . .

= π

∫ 1

0
dzz(1−z)

∫ ∞

0
dl2⊥

∫ ∞

M2
0 (z)

dM2

×
∫ (M+l′⊥(z))2

(M−l′⊥(z))2
dM ′2w(M2,M ′2, l′2⊥(z)) . . . , (29)

where

M2
0 (z) =

k2
⊥0

z(1 − z)
. (30)

In (29), we omitted the subscripts qq̄ at the squared masses
M2 (8) and M ′2 (15). The weight function w(M2,M ′2, l′2⊥,
(z)) appearing in (29) is given by

w(M2,M ′2, l′2⊥(z)) =
1

2MM ′√1 − cos2 φ
. (31)

The angle between ~k⊥ and ~k⊥+~l⊥ has been denoted by φ
(cf. Fig. 5) and cos2 φ, as a function of M2, M ′2, l2⊥ and
z, is constrained by

cos2 φ ≡ 1
4M2M ′2

(
M2+M ′2− l2⊥

z(1−z)
)2

≤ 1 . (32)

This constraint implies bounds on the integration interval
for the integration over dM ′2. As indicated in (29), the
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~l⊥

~k⊥

~k⊥ +~l⊥

φ

Fig. 5. The pictorial representation of the quantities ~k⊥, ~l⊥,
~k⊥ +~l⊥, and the angle φ

bounds are given by (M±l′⊥(z))2, where

l′2⊥ ≡ l′2⊥(z) =
l2⊥

z(1−z) . (33)

For later use we note
∫ (M+l′⊥(z))2

(M−l′⊥(z))2
dM ′2w(M2,M ′2, l′2⊥(z)) = π , (34)

as well as
∫ (M+l′⊥(z))2

(M−l′⊥(z))2 dM
′2w(M2,M ′2, l′2⊥(z))M ′2

∫ (M+l′⊥(z))2

(M−l′⊥(z))2 dM
′2w(M2,M ′2, l′2⊥(z))

= (M2 + l′2⊥(z)) .

(35)
In order to clarify the physical meaning of the right-hand
side of (35), we observe that (18), upon removal of the
Q2–dependent propagator terms, becomes proportional to
the purely hadronic cross section σ̃(qq̄)p. Consequently, the
quantity in (35) is the mean mass produced in the (qq̄)p
forward-scattering reaction at fixed values of M , z and l⊥.

In passing from the integration variables in (18) to the
new ones introduced in (29), the integration limits on the
integration over dM ′2 and dM2 have to be carefully looked
at.

In the integration over dM ′2, we first consider the first
term in the curly brackets of (18), i.e., the term diagonal
in the mass M≡Mqq̄ of the qq̄ pair. In this term, the inte-
gration over dM ′2 [cf. (15)] corresponds to an integration
over all directions of ~l⊥ in Fig. 5, i.e. to an integration
over the range of φ allowed by (32) at fixed values of M2,
l2⊥ and z. The corresponding integration limits are as in-
dicated in (29).

Concerning the second term, i.e. the off-diagonal one
in the curly brackets of (18), we note that in this term
integration over dM ′2 describes integration over all final-
state qq̄ masses (15) in the Compton forward amplitude.
For the off-diagonal term, consequently, the lower limit
of integration in (29), namely (M− l′⊥(z))2, must in ad-
dition be restricted to values above M2

0 (z) from (30), as
indicated in (18) already. After all, the photon couplings
to the initial and final qq̄ state in the Compton forward
amplitude must be identical.

We turn to the integration over dM2 in (29). In the
diagonal term in (18), it describes integration over the
ingoing and the outgoing mass, while in the off-diagonal

term it describes integration over the mass of the incom-
ing qq̄ pair only. The necessity of a lower cutoff M2

0 in
the integration over dM2 stems from the empirical fact
that e+e− → γ∗ → qq̄ → hadrons becomes appreciable
only when the centre-of-mass energy

√
s(e+e−) is above

a lower threshold that depends on the flavour of the quark
q. This suggests a limit of M0 ≤ Mρ, for u and d quarks,
while M0 ≤ MJ/Ψ for the c quarks, etc. Actually, in
(29), we have indicated a z–dependent lower cutoff of
M2

0 (z)=k2
⊥0/(z(1−z)). It originates from the lower bound

on the transverse momentum of the quark q in the incom-
ing qq̄ state as introduced in (19). While this z–dependent
bound on squared masses M2

qq̄ is thus suggested by con-
finement, it should be kept in mind that the description
of the coupling of the photon to the low–lying resonances
in terms of a simple γ∗ → qq̄ transition amplitude is an
effective one [2] in the sense of averaging the total cross
section over the contributing resonances, e.g., the ρ0, ρ′0,
etc10. The z dependence of the lower bound, M2

0 (z), is ac-
cordingly to be looked at with some reservation. We will
comment on the effect of the z dependence of M2

0 in the
numerical analysis of Sect. 5.

Returning to (18), inserting the expressions (10) and
(11) for the γ∗ → qq̄ transitions, and introducing the in-
tegration variables M2 and M ′2 according to (29), we get
for the transverse photoabsorption cross section

σγ∗
T

p(W 2, Q2)

=
α

2π

(
eq

e0

)2 ∫ ∞

0
dl2⊥σ̃(qq̄)p

(
l2⊥,W

2) ∫ 1

0
dz(1−2z(1−z))

×
{∫ ∞

M2
0 (z)

dM2
∫ (M+l′⊥(z))2

(M−l′⊥(z))2
dM ′2w(M2,M ′2, l′2⊥(z))

×
[

M2

(Q2 +M2)2
− M ′2 +M2 − l′2⊥(z)

2(Q2 +M2)(Q2 +M ′2)

]

+
∫ ∞

M2
0 (z)

dM2Θ(M2
0 (z)−(M−l′⊥(z))2)

×
∫ M2

0 (z)

(M−l′⊥(z))2
dM ′2w(M2,M ′2, l′2⊥(z))

× M ′2+M2−l′2⊥(z)
2(Q2+M2)(Q2+M ′2)

}
, (36)

and for the longitudinal one

σγ∗
L

p(W 2, Q2)

=
2α
π

(
eq

e0

)2

Q2
∫ ∞

0
dl2⊥σ̃(qq̄)p

(
l2⊥,W

2) ∫ 1

0
dzz(1−z)

×
{∫ ∞

M2
0 (z)

dM2
∫ (M+l′⊥(z))2

(M−l′⊥(z))2
dM ′2w(M2,M ′2, l′2⊥(z))

10 A two-component ansatz (low-mass vector mesons plus
high-mass qq̄ jets) is frequently employed [17]. We believe that
an effective single-component picture [2] will be sufficiently ac-
curate.
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×
[

1
(Q2 +M2)2

− 1
(Q2 +M2)(Q2 +M ′2)

]

+
∫ ∞

M2
0 (z)

dM2Θ(M2
0 (z)−(M−l′⊥(z))2)

×
∫ M2

0 (z)

(M−l′⊥(z))2
dM ′2w(M2,M ′2, l′2⊥(z))

× 1
(Q2+M2)(Q2+M ′2)

}
, (37)

where Θ(x) is the step function [Θ(x) = 1 for x > 0,
Θ(x) = 0 otherwise]. In (36) and (37), the Θ–function
term becomes unequal zero as soon as (M−l′⊥(z))2 drops
below M2

0 (z), thus removing the above-mentioned forbid-
den region in the integration over dM ′2 in the (main) off-
diagonal term. We note that the “low-mass term” con-
taining the Θ–function is suppressed relative to the main
off-diagonal term, as the intervals of the integration over
dM2 and dM ′2 are very much restricted,∫ ∞

M2
0 (z)

dM2Θ
(
M2

0 (z)−(M−l′⊥(z))2
) ∫ M2

0 (z)

(M−l′⊥(z))2
dM ′2 . . .

=
∫ (M0(z)+l′⊥(z))2

M2
0 (z)

dM2
∫ M2

0 (z)

(M−l′⊥(z))2
dM ′2 . . . . (38)

Actually, it will turn out that the main term in the trans-
verse cross section will asymptotically behave like (lnQ2)
/Q2, thus suppressing the Θ–function term that behaves
as 1/Q2. In the longitudinal cross section the suppres-
sion is less pronounced, as both the main term and the
Θ–function term behave as 1/Q2 for asymptotic Q2. The
subsequent analysis of this Section will be simplified by
ignoring the Θ–function terms in (36) and (37). We will
come back to them, when turning to the numerical results
in Sect. 5.

In order to explicitly obtain the Q2 dependence of σγ∗
T

p

and σγ∗
L

p contained in (36) and (37), we proceed in sev-
eral steps. In a first step, we will show that the transverse
cross section (36) may be evaluated analytically in the
limit of Q2 → ∞ for the simple case of the δ–function
ansatz (27) for σ̃(qq̄)p(l2⊥,W

2). In the second step, we in-
troduce mean values for the configuration variable, z, and
for M ′2 at fixed M2 and l2⊥ = Λ2, and apply the mean-
value theorem to the integration over z and M ′2 in the
transverse cross section (36) for arbitrary values of Q2. A
similar procedure will be carried out for the longitudinal
cross section. After these steps, the connection with the
original formulation of off-diagonal GVD [6] will become
explicit. The determination of the numerical values of the
mean configuration variables, z̄T,L, and of the parameters
δT,L characterising the mean mass, M ′, will be shifted to
Sect. 5.

4.1 The transverse cross section, σγ∗
T

p

As noted, we ignore the Θ–function term in (36), insert
the δ–function ansatz (27) for σ̃qq̄p, and carry out the in-

tegrations over dl2⊥ and dM ′2, to obtain

σγ∗
T

p(W 2, Q2)

=
α

2π

(
eq

e0

)2

σ
(∞)
(qq̄)p

∫ 1

0
dz(1−2z(1−z))

∫ ∞

M2
0 (z)

dM2

×
[

M2

(Q2 +M2)2
− 1

(Q2 +M2)
1
2

×
(

1 +
M2 −Q2 − Λ′2√

(Q2 +M2 + Λ′2)2 − 4Λ′2M2

)]
, (39)

where Λ′2 ≡ Λ2/(z(1− z)). Replacing z by the variable
u ≡ z(1 − z) yields

σγ∗
T

p(W 2, Q2)

=
α

π

(
eq

e0

)2

σ
(∞)
(qq̄)p

∫ 1/4

0
du

1 − 2u√
1 − 4u

∫ ∞

M2
0 (u)

dM2

×
[

M2

(Q2 +M2)2
− 1

(Q2 +M2)
1
2

×
(

1 +
u(M2 −Q2) − Λ2√

(u(Q2 +M2) + Λ2)2 − 4uΛ2M2

)]
.(40)

Expansion of the off-diagonal term in a power series for
large Q2 gives

σγ∗
T

p(W 2, Q2)

=
α

π

(
eq

e0

)2

σ
(∞)
(qq̄)p

∫ 1/4

0
du

1 − 2u√
1 − 4u

×
∫ ∞

M2
0 (u)

dM2 Λ2

(Q2 +M2)(u(Q2+M2) + Λ2)

×
[

M2

(Q2 +M2)
+

uM2

(u(Q2+M2) + Λ2)

− 2u2M4

(u(Q2+M2) + Λ2)2
+ · · ·

]
. (41)

The integration over dM2 and du in (41) may now be
carried out by expanding 1/

√
1−4u in powers of u and in-

tegrating term by term. It turns out that the replacement
of 1/

√
1−4u by 1+2u is sufficient to yield the leading term

in the large–Q2 limit of Q2 �Λ2,

σγ∗
T

p(W 2, Q2) =
α

3π

(
eq

e0

)2

σ
(∞)
(qq̄)p (42)

×
[
Λ2

Q2 ln
(
Q2

Λ2

)
+ c

Λ2

Q2 +O

(
lnQ2

Q4

)]
.

We note that the leading term in (42) is independent of
the threshold mass parameterized by k2

⊥0. Moreover, (42)
shows a logarithmic violation of scaling of the transverse
part of the structure function F2 ∼Q2σγ∗p. The constant c
in (42) is a complicated function of Λ2/k2

⊥0. For Λ2/k2
⊥0 ∼

1 its value is c∼ 1. We remark at this point that the Θ–
function term ignored so far, according to the numerical
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analysis of Sect. 5, will modify the numerical values of c
only, while leaving the leading term in (42) unchanged.

We turn to the second step in the evaluation of the
transverse cross section. The use of the mean-value theo-
rem removes the integral over dz in (36), z being replaced
by its mean value, z̄T , and, accordingly, l′2⊥(z) by

l̄′2⊥ ≡ l′2⊥(z̄T ) =
l2⊥

z̄T (1 − z̄T )
. (43)

With respect to the integration over dM ′2, we note that
in the large–Q2 limit the M ′2–dependent propagator part
in (36), is given by

M ′2

(Q2 +M ′2)
=
M ′2

Q2 − M ′4

Q4 +O

(
M ′6

Q6

)
. (44)

As far as the first term on the right-hand side of (44) is
concerned, integration over dM ′2 in the off-diagonal term
in (36), according to (35), corresponds to replacingM ′2 by
M2+ l̄′2⊥ when applying the mean-value theorem. As (36)
contains the full left-hand side of (44), the mean value
of M ′2 will deviate fromM2+ l̄′2⊥, in particular for small
values of Q2. Accordingly, we introduce the parameter δT
to express the mean value, M

′2
, of M ′2 in terms of M2

and l̄′2⊥ by

M
′2

= M2 +
l̄′2⊥

(1+2δT )
. (45)

After these steps, we have

σγ∗
T

p(W 2, Q2; z̄T , δT )

=
α

2

(
eq

e0

)2

(1 − 2z̄T (1−z̄T ))
∫ ∞

0
dl2⊥σ̃(qq̄)p(l2⊥,W

2)

×
∫ ∞

M2
0 (z̄)

dM2
[

M2

(Q2 +M2)2

− M2 − l̄′2⊥δT /(1+2δT )
(Q2 +M2)(Q2 +M2 + l̄′2⊥/(1+2δT ))

]
. (46)

Upon inserting the δ–function ansatz (27) for σ̃(qq̄)p, the
cross section,11

σγ∗
T

p(W 2, Q2; z̄T , δT )

=
α

2π

(
eq

e0

)2

σ
(∞)
(qq̄)p(1 − 2z̄T (1−z̄T ))

∫ ∞

M2
0 (z̄)

dM2

×
[

M2

(Q2 +M2)2

− M2 − Λ̄′2δT /(1+2δT )
(Q2 +M2)(Q2 +M2 + Λ̄′2/(1+2δT ))

]
, (47)

explicitly coincides with the continuum version12 of off-
diagonal GVD [6]. The original ansatz of off-diagonal GVD

11 In analogy with (43), we denote here Λ̄′2 ≡ Λ2/(z̄T (1−z̄T )).
12 Indeed, the expression (4) of [6] upon substitution of (6)
of [6] agrees with (47) upon identification of λm2

0 with λm2
0 ≡

Λ̄′2/(1 + 2δT ).

has thus been recovered from the QCD-motivated ansatz
(18) by introducing mean values for the configuration vari-
able, z̄T , and for the outgoing mass M ′2 via δT .

Carrying out the remaining integration over dM2 in
(47), we have

σγ∗
T

p(W 2, Q2; z̄T , δT )

=
α

2π

(
eq

e0

)2

σ
(∞)
(qq̄)p(1 − 2z̄T (1−z̄T ))

×
[(

(1+2δT )
Q2

Λ̄′2 + (1+δT )
)

× ln
(

1 +
Λ̄′2

(1+2δT )(Q2 +M2
0 (z̄T ))

)

− Q2

(Q2 +M2
0 (z̄T ))

]
. (48)

The numerical results for the mean values of z̄T and of δT
may be determined by comparing with a numerical eval-
uation of (36). It is suggestive, to determine z̄T and δT at
the fixed value of Q2 = 0 by adjusting the photoproduc-
tion limit of (48),

σγp(W 2; z̄T , δT ) =
α

2π

(
eq

e0

)2

σ
(∞)
(qq̄)p(1 − 2z̄T (1−z̄T ))

×(1+δT ) ln
(
1 +

Λ2

(1+2δT )k2
⊥0

)
, (49)

and the derivative of σγ∗
T

p with respect to Q2 at Q2 = 0
to the corresponding numerical results from (36). Details
will be presented in Sect. 5. We only note the results of

κT (0) ≡ z̄T (1 − z̄T ) = 0.1455, δT = 0.5224 (50)

for the choice of Λ2/k2
⊥0 = 1 that will be adopted as a

preferred one. In (50), the notation κT (0) is introduced to
indicate that κT is determined at Q2 = 0.

Taking the large–Q2 limit of (48), we find

σγ∗
T

p(W 2, Q2 → ∞; z̄T ) =
α

3π

(
eq

e0

)2

σ
(∞)
(qq̄)p

×3
4

(1 − 2z̄T (1−z̄T ))
z̄T (1 − z̄T )

×
[
Λ2

Q2 +O

(
1
Q4

)]
. (51)

The dependence on δT in (48) has dropped out for Q2 →
∞. This is as expected, when taking into account (44)
and (35). A comparison of (51) with the exact large–Q2

limit in (42) reveals that the application of the mean-value
theorem suppresses the lnQ2 factor of the transverse cross
section that is present according to (42), whereas the 1/Q2

behaviour relevant for scaling of the structure function
F2 remains. The loss of the lnQ2 factor may uniquely be
traced back to the introduction of z̄T ; in fact, introducing
z̄T in (36), but carrying out the integration over dM ′2 an-
alytically, as in (39), the lnQ2 term is lost as well. This
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suggests that the appearance of the configuration variable
z in the integrand of (36) is irrelevant for the 1/Q2 (scal-
ing) behaviour. It is responsible, however, for the logarith-
mic violation of scaling. Effectively, z̄T , the mean value of
z that determines the cross section, changes with increas-
ing Q2, thus leading to the additional lnQ2 dependence
in (42). This will be shown explicitly by introducing a Q2

dependence for z̄T (1 − z̄T ) in (48) that reproduces σγ∗
T

p

from (36) with its correct asymptotic behaviour (42).
We proceed in two steps. In a first step, we note that

the ratio
rT (Q2) ≡ σγ∗

T
p(W 2,Q2)

σγ∗
T

p(W 2,Q2;z̄T ,δT )
, (52)

as a consequence of the above-mentioned determination of
z̄T and δT at Q2 = 0, fulfills

rT (Q2 = 0) = 1 . (53)

For Q2 → ∞, according to (42) and (51), on the other
hand, we have

rT (Q2 → ∞) =
4κT (0)

3(1 − 2κT (0))
ln
(
Q2

Λ2

)
, (54)

where the notation κT (0) indicates that κT was deter-
mined at Q2 = 0. A comparison of (53) and (54) suggests
the interpolation formula

rT,intp.(Q2, κT (0)) =
4κT (0)

3(1 − 2κT (0))
ln
(
c1
Q2

Λ2 + exp(c2)
)
,

(55)
where

c2 =
3(1 − 2κT (0))

4κT (0)
, (56)

guarantees rT,intp.(Q2 = 0) = 1, while c1 has to be ad-
justed by using the numerical integration of (36). We note
that a value of c1 ≈ 1.50 will be obtained in the numerical
analysis of Sect. 5.

In order to proceed to the second step, let us sup-
pose that an appropriate Q2 dependence of κT (Q2) =
z̄T (Q2)(1− z̄T (Q2)) inserted into (48) will result in rT (Q2,
κT (Q2)) = 1 in the full range of Q2 from Q2 = 0 to
Q2 → ∞. Going again through the arguments leading to
the interpolation formula (55), one finds that the func-
tional form of κT (Q2) is found by requiring

rT,intp.(Q2, κT (Q2)) =
4κT (Q2)

3(1 − 2κT (Q2))

× ln
(
c1
Q2

Λ2 + exp(c2)
)

= 1. (57)

In fact, asymptotically, the expression for rT,intp.(Q2,
κT (Q2)) in (57) again coincides with the ratio of (51) and
(42). Moreover, (57) for Q2 = 0 yields relation (56) as the
correct constraint on κT (Q2) for Q2 = 0. Solving (57) for
κT (Q2), we obtain

κT (Q2) =
3

6 + 4 ln
(
c1

Q2

Λ2 + exp(c2)
) . (58)

In Sect. 5, it will be explicitly shown that σγ∗
T

p(W 2, Q2; z̄T ,

δT ) from (48), upon substituting the Q2 dependence for
κT (Q2) from (58), will indeed provide an excellent repre-
sentation of the exact result calculated by numerical eval-
uation of (36).

If, instead of the δ–function, the Gaussian (28) is in-
serted for σ̃(qq̄)p in (36), the same averaging procedure in
the integrand leads to

σγ∗
T

p(W 2, Q2; z̄T , δT )

=
α

2π

(
eq

e0

)2

σ
(∞)
(qq̄)pR

2
0(1 − 2z̄T (1−z̄T ))

∫ ∞

0
dl2⊥e

−l2⊥·R2
0

×
[(

(1+2δT )
Q2

l̄′2⊥
+ (1+δT )

)

× ln
(

1 +
l̄′2⊥

(1+2δT )(Q2 +M2
0 (z̄T ))

)

− Q2

(Q2 +M2
0 (z̄T ))

]
. (59)

At this stage, it is legitimate to expand the second ex-
pression in the brackets in powers of l̄′2⊥/(Q

2 +M2
0 (z̄T )),

at least for large Q2, because the l̄′2⊥ values are suppressed
due to the Gaussian function in the integrand. Doing this,
we get in the limit Q2 → ∞

σγ∗
T

p(W 2, Q2 → ∞; z̄T )

=
α

3π

(
eq

e0

)2

σ
(∞)
(qq̄)p

3(1 − 2z̄T (1 − z̄T ))
4z̄T (1 − z̄T )

×
[

1
R2

0Q
2 +O

(
1
Q4

)]
. (60)

This expression coincides with (51), if Λ2 is identified with
Λ2 = 1/R2

0. The conclusion on the relevance of the config-
uration variable z for the true asymptotic (lnQ2)/Q2 be-
haviour (42) of the cross section is independent of whether
we choose a Gaussian, or a δ–function, or any other physi-
cally reasonable function for the (qq̄)p interaction function
σ̃(qq̄p(l2⊥) appearing in (36).

4.2 The longitudinal cross section, σγ∗
L

p

As in the transverse case, the integration of the Θ-inde-
pendent part of (37) over dM ′2 can be carried out analyt-
ically. We then obtain

σγ∗
L

p(W 2, Q2)

= 2α
(
eq

e0

)2

Q2
∫ ∞

0
dl2⊥σ̃(qq̄)p(l2,W 2)

∫ 1

0
dzz(1−z)

×
{∫ ∞

M2
0 (z)

dM2

[
1

(Q2 +M2)2

− 1
(Q2 +M2)

√
(Q2 +M ′2 + Λ′2)2 − 4Λ′2M2

]
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+
∫ ∞

M2
0 (z)

dM2Θ(M2
0 (z)−(M−Λ′)2)

× 1
π

∫ M2
0 (z)

(M−Λ′)2
dM ′2w(M2,M ′2, Λ′2)

× 1
(Q2+M2)(Q2+M ′2)

}
. (61)

The presence of the Θ–function term in (61), which be-
haves as 1/Q2 for Q2 �Λ2, just as the main term, does
not allow one to carry out a further step analytically.

Employing the mean-value theorem with respect to the
integrations over dz and dM ′2, inserting (35) with δT re-
placed by δL [cf. (45)], and dropping the Θ–function term,
we get

σγ∗
L

p(W 2, Q2; z̄L, δL)

= 2α
(
eq

e0

)2

Q2z̄L(1−z̄L)
∫ ∞

0
dl2⊥σ̃(qq̄)p(l2,W 2)

×
∫ ∞

M2
0 (z̄L)

dM2
[

1
(Q2 +M2)2

− 1
(Q2 +M2)(Q2 +M2 + l̄′2⊥/(1+2δL))

]
. (62)

Inserting the δ–function ansatz (27) for σ̃(qq̄)p(l2⊥) and car-
rying out the trivial integration over dl2⊥, we find agree-
ment with the destructive-interference ansatz of off-dia-
gonal GVD. Upon integration over dM2, we find

σγ∗
L

p(W 2, Q2; z̄L, δL)

=
2α
π

(
eq

e0

)2

σ
(∞)
(qq̄)pQ

2z̄L(1−z̄L)

[
1

(Q2 +M2
0 (z̄L))

(63)

− (1+2δL)
Λ̄′2 ln

(
1 +

Λ̄′2

(1+2δL)(Q2 +M2
0 (z̄L))

)]
.

Expansion of the logarithm yields for Q2 → ∞ a 1/Q2

behaviour

σγ∗
L

p(W 2, Q2 → ∞; δL)

=
2α
π

(
eq

e0

)2

σ
(∞)
(qq̄)p

[
Λ2

2(1+2δL)Q2 +O

(
1
Q4

)]
. (64)

In the Q2 → 0 limit we obtain the expected linear Q2

dependence

σγ∗
L

p(W 2, Q2 → 0; z̄L, δL)

=
2α
π

(
eq

e0

)2

σ
(∞)
(qq̄)pQ

2z̄L(1−z̄L) (65)

×
[

1
M2

0 (z̄L)
− (1+2δL)

Λ̄′2 ln
(
1 +

Λ2

(1+2δL)k2
⊥0

)
+O(Q2)

]
.

In contrast to the transverse case, there is no analytical
evaluation available, not even for Q2 → ∞. From the nu-
merical integration to be presented in Sect. 5, we will see

that, in contrast to the transverse case, (63) practically
coincides with the exact result, even at Q2 �Λ2. In other
words, in distinction from the transverse cross section, in
the longitudinal case, the effective value, z̄L, of the config-
uration variable, z, turns out to be constant, independent
of Q2. The effective mean configuration of the qq̄ system
building up the cross section is the same at all values of
Q2.

Combining (64) with the analytical result (42) for σγ∗
T

p,
we obtain an asymptotic decrease of the longitudinal-to-
transverse ratio R ∼ 1/ lnQ2

R ≡ σγ∗
L

p

σγ∗
T

p
=

3
(1 + 2δL) ln (Q2/Λ2)

. (66)

Evaluating the full expression (61) numerically and
equating the Q2 → ∞ result with the GVD formula (64)
determines δL. The slope of the Q2 → 0 limit

dσγ∗
L

p(W 2, Q2

Λ2 ; z̄L, δL)

d
(

Q2

Λ2

)



Q=0

=
2α
π

(
eq

e0

)2

σ
(∞)
(qq̄)pκL

×
[
Λ2κL

k2
⊥0

− (1 + 2δ)κL ln
(

1 +
Λ2/k2

⊥0

(1 + 2δL)

)]
, (67)

then determines κL = z̄L(1 − z̄L). The numerical values
are given in Table 1. As shown in Sect. 5, the mean-value
evaluation (63), with Q2–independent values for κL and
δL, practically agrees with the exact evaluation.

As in the transverse case, we may evaluate (62) for the
case of the Gaussian σ̃(qq̄)p (28). The asymptotic result
coincides with (64), provided the identification Λ2 = 1/R2

0
is made.

5 Numerical evaluation of σγ∗
T,Lp(W 2, Q2)

An analytic procedure to carry out the four-fold integra-
tion in the expressions (36) and (37) for σγ∗

T
p and σγ∗

L
p

for arbitrary values of Q2 is not available. We will accord-
ingly integrate (36) and (37) numerically and determine
the mean values of the configuration variables, z̄T,L, and of
the M ′–mass variables δT,L by comparison of the numeri-
cal results with the mean-value evaluation. As mentioned,
the full expressions (36) and (37), including the low-mass
Θ–function corrections are numerically integrated, the ef-
fect of the Θ–function term thus being absorbed in the
numerical values of z̄T,L and δT,L.

For the numerical evaluation of (36) and (37), we again
specialize to the δ–function ansatz (27) for σ̃(qq̄)p. The ex-
pression for σγ∗

T,L
p in (36) and (37) may then be rewritten

in terms of the ratios of Q2/Λ2 and Λ2/k2
⊥0 and integrated

numerically13.
13 Actually, for the main term, the dM ′2 integrations were
carried out analytically, and the dz, dM2 integrations numeri-
cally, while for the Θ–function term the three-fold integration
over dM ′2, dz, and dM2 was done numerically.
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Table 1. The parameters δL,T and κL,T ≡ z̄L,T (1− z̄L,T ) de-
termined, as explained in text, for various Λ2/k2

⊥0

Λ2/k2
⊥0 δL δT z̄L(1 − z̄L) z̄T (1 − z̄T )

4 0.1009 0.4321 0.1624 0.2186
2 -0.0651 0.3876 0.1686 0.2047
1 -0.1767 0.5224 0.1714 0.1455

Table 2. The parameter κT (Q2) from (58) and the related
configuration variable z̄T (Q2) as a function of Q2. We used
Λ2/k2

⊥0 = 1, or k2
⊥0 = 0.05 GeV2

Q2 [GeV2] κT (Q2) z̄T (Q2)
0.0001 0.1455 0.1767, 0.8233
0.001 0.1455 0.1767, 0.8233
0.01 0.1453 0.1764, 0.8236
0.1 0.1434 0.1735, 0.8265
1 0.1309 0.1549, 0.8451
10 0.1024 0.1158, 0.8842
100 0.0788 0.0862, 0.9138
1000 0.0635 0.0681, 0.9319

In the transverse cross section, z̄T and δT are deter-
mined by equating the numerical results for the cross sec-
tion and its derivative with respect to Q2 at Q2 ≈ 0 with
the mean-value formula (48).

For the longitudinal cross section, the derivative with
respect to Q2 at Q2 ≈ 0 and the cross section for asymp-
totic values of Q2/Λ2 are used. The results of the analysis
are presented in Table 1.

Turning to a discussion of the Q2 dependence, we fix
Λ to the value of Λ2 =0.05 GeV2. This value is suggested
from Λ2 = 1/R2

0, if R0 is identified with the proton ra-
dius, R0 ∼ 1 fm. A similar value for Λ2 follows from the
identification of Λ2 = l2⊥ [cf. (27)], where the momen-
tum transfer l2⊥ is transmitted by gluon exchange of order
Λ2

QCD ∼0.01-0.1 GeV2. We will usually use the same value
for the transverse extension of the incoming low-mass qq̄
state, i.e. Λ2/k2

⊥0 =1, or k2
⊥0 =0.05 GeV2.

In Fig. 6, we show the ratio, as defined by (52), of the
result of the numerical integration and the mean-value
evaluation of the transverse cross section for Λ2/k2

⊥0 = 1
(Λ2 = 0.05 GeV2) as a function of Q2. As a consequence
of determining κT ≡ z̄T (1 − z̄T ) and δT at Q2 = 0, the
ratio rT (Q2) from (52) equals unity at low Q2, while show-
ing the logarithmic growth expected according to (54) for
Q2 → ∞. As shown in Fig. 6, the interpolation formula
(55) with

κT (0) = 0.1455, c1 = 1.50, c2 = 3.65 (68)

yields an excellent representation of the functional form
of the ratio. Here, κT (0) is given in Table 1, c2 is obtained
from (56), and c1 was determined by requiring agreement
of expression (55) with the actual ratio (52) at Q2 � Λ2.

In Fig. 6, we also show the ratio rT (Q2, κT (Q2)) that
is calculated by inserting the Q2 dependence from (58)

0.5

1

1.5

2

2.5

3

3.5

0.0001 0.001 0.01 0.1 1 10 100 1000

r T
(Q

2 )

Q2 [GeV2]

rT(Q2)

rT, intp.(Q
2, κT(0))

rT(Q2, κT(Q2))

Fig. 6. The solid line shows the ratio rT (Q2) =
σγ∗

T
p(W 2, Q2)/σγ∗

T
p(W 2, Q2; z̄T , δT ) from (52). The numerator

is obtained by numerical integration of (36), the denominator
by evaluating the mean-value expression (48). The dashed line
shows the result of the interpolation formula (55) with the pa-
rameters (68). Finally, the dotted line results from inserting
κT (Q2) into the mean-value evaluation in the denominator of
rT (Q2)

for the effective value κT (Q2) ≡ z̄T (Q2)(1 − z̄T (Q2)) into
the mean-value evaluation (48). The (almost) constant
value of rT (Q2, κT (Q2)) explicitly shows that (48), to-
gether with the effective Q2 dependence of the configu-
ration variable, yields an excellent representation of the
Q2 dependence of σγ∗

T
p from (36). The numerical results

for κT in Table 2, obtained from (58), show how κT (Q2)
and z̄T (Q2) decrease with increasing Q2. With increasing
Q2, a larger and larger part of the transverse cross section
is induced by qq̄ configurations with small angles in their
rest frame relative to the virtual-photon direction. This
shift in the effective qq̄ configuration is responsible for the
logarithmic scaling violation of the transverse part of the
structure function F2. In the approximation of a constant
Q2–independent value of κT , the logarithmic scaling vio-
lation is evidently lost, while scaling remains. As empha-
sised before, it is the cancellation between diagonal and
off-diagonal contributions (in mass) to the forward Comp-
ton amplitude, related to the two-gluon exchange struc-
ture, that is responsible for scaling, and not the effective
change of the qq̄ configuration with Q2.

In Fig. 7, we show the results for the ratio,

rL(Q2) ≡ σγ∗
L

p(W 2,Q2)

σγ∗
L

p(W 2,Q2;z̄L,δL)
, (69)

of the numerical evaluation (37) and the mean-value re-
sult (65) for the longitudinal cross section. This ratio is
approximately equal to unity over the whole range of Q2;
deviations from unity are of the order of magnitude of 10%
for small values of 0.1 GeV2 ≤ Q2 ≤ 10 GeV2. In the longi-
tudinal case, the effective value of κL ≡ z̄L(1− z̄L) is inde-
pendent of Q2. In contrast to the transverse case, it is the
same qq̄ configuration, with κL = 0.1714 for Λ2/k2

⊥0 = 1
that determines the cross section for arbitrary values of
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Fig. 7. The ratio rL(Q2) = σγ∗
L

p(W 2, Q2)/σγ∗
T

p(W 2, Q2; z̄L,

δL) from (69). The numerator is the result of integrating (37)
numerically, while the denominator is obtained from the mean-
value result (63)

Q2. The asymptotic scaling of the longitudinal cross sec-
tion together with the constancy of κL explicitly shows
that scaling is not related to an effective change in κL

with Q2.
In Fig. 8, we show the numerical results for the trans-

verse and longitudinal cross sections normalized by (trans-
verse) photoproduction as a function of Q2. The results
shown are obtained for Λ2 = k2

⊥0 = 0.05 GeV2.
In view of the results in Figs. 6 and 7, the numerical

integration of (36) and (37) and the mean-value evalua-
tions (48), with κT (Q2) from (58), and (63), respectively,
practically agree with each other. It is worth noting that
the drop of the transverse cross section by two orders of
magnitude from Q2 ≈ 0 GeV2 to Q2 ≈ 100 GeV2 is of the
order of magnitude seen in the experimental data [1,5]. It
is not the aim of the present paper to enter an analysis
of the experimental data. Such an analysis would require
an extension of the present work by carefully incorporat-
ing the W 2 dependence which is beyond the scope of the
present work – cf. [14,16], and [18]–[20].

In Fig. 9, we show the longitudinal-to-transverse ratio,

R =
σγ∗

L
p

σγ∗
T

p
, (70)

as a function of Q2. The solid curve shows the ratio of the
cross sections from Fig. 6. The additional (dotted) curve
shows the effect of changing the threshold value of k2

⊥0. It
was checked that the change of R with changing threshold
is almost completely dominated by the longitudinal cross
section that decreases with decreasing threshold value.

We have also examined the effects on the results for
σγ∗

T
p and σγ∗

L
p induced by the z dependence of the thresh-

old mass M2
0 (z) from (30) in (36) and (37). For this pur-

pose we formed the ratio of an evaluation with z-depen-
dent threshold, M2

0 (z), and an evaluation with constant
M2

0 . The latter threshold was chosen in such a way as

1e-05
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0.0001 0.001 0.01 0.1 1 10 100 1000

σ γ
* T

,L
p 

/ σ
γp

 

Q2 [GeV2]

transverse

longitudinal

Fig. 8. Numerical results for σγ∗
T

p from (36) (solid line), and
σγ∗

L
p from (37) (dotted line), normalized by the photoproduc-

tion cross section σγp. The results shown are obtained by nu-
merical integration of (36) and (37). The mean-value results
from (48) (with κT (Q2) from (58)) and (63), respectively, co-
incide with the ones shown, apart from a minor deviation in
the longitudinal cross section around Q2 ≈ 1 GeV2 (compare
Figs. 6, 7)
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Fig. 9. The longitudinal-to-transverse ratio R from (70). The
solid curve corresponds to Λ2 = k2

⊥0 = 0.05 GeV2 as used in
Fig. 8. The dotted curve is obtained for Λ2 = 0.05 GeV2 and
k2

⊥0 = 0.025 GeV2, as indicated

to yield a ratio equal to unity for Q2 → 0. While for
Q2 ≥ 100 GeV2 the differences are well below 10%, they
can reach values up to about 30% for Q2 ≈ 1 GeV2 and up
to 20% at Q2 ≈ 10 GeV2. These effects have to be care-
fully considered in a comparison with the experimental
data.



314 G. Cvetič et al.: Deep inelastic scattering, QCD, and generalized vector dominance

6 Conclusions

We have provided a novel formulation of GVD for the
low–x diffraction region of deep inelastic scattering. The
present work extends the GVD picture in so far as the
dependence on the internal structure of the γ∗ → qq̄
transition is taken into account, and the ansatz for the
scattering amplitude for the strong (qq̄)p interaction is
inspired by the general structure of two-gluon exchange.
This ansatz implies a structure of destructive interference
in the forward Compton amplitude that was anticipated
in off-diagonal GVD and also incorporated into the covari-
ant parton model a long time ago, and in fact, the present
work provides a QCD-based a posteriori justification for
that ansatz. We have shown that the momentum-space
formulation is identical to a position-space formulation
based on the concepts of a dipole cross section, colour
transparency and saturation.

The resultingQ2 dependence has been cast into a fairly
compact analytic form for arbitrary values of Q2, includ-
ing Q2 = 0, by introducing effective mean values for the
configuration of the qq̄ system, z̄, and also (as far as off-
diagonal transitions are concerned) for its mass. It turned
out that the exact Q2 dependence of the longitudinal cross
section is well represented by a Q2–independent configu-
ration, z̄L. In contrast, in the case of the transverse cross
section, the effective mean value, z̄T , of the qq̄ configu-
ration changes logarithmically with Q2. This logarithmic
change of the effective configuration is responsible for a
logarithmic violation of scaling of the structure function
F2.

In GVD, the Q2 dependence of deep inelastic scatter-
ing is associated with the propagation of (hadronic) qq̄
states. While this principal feature of GVD is retained,
taking into account the structure of the qq̄ system ex-
plicitly, and using a QCD-inspired ansatz for (qq̄)p scat-
tering, leads to a logarithmic modification of the 1/Q2

dependence of the transverse cross section of the original
formulation of off-diagonal GVD. Asymptotically we have
σγ∗

T
p ∼ (lnQ2)/Q2 corresponding to a logarithmic viola-

tion of scaling for the structure function F2. Moreover, the
longitudinal-to-transverse ratio, R≡σγ∗

L
p/σγ∗

T
p, decreases

asymptotically as 1/ lnQ2.
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